Abstract. We generalize a result of Fujita, on the decomposition of Hodge bundles over curves, to the case of a higher dimensional base.
introduction
The purpose of this paper is to generalize a result of Fujita, on the decomposition of Hodge bundles over curves, to the case of a higher dimensional base. We first consider the direct image sheaf of the relative canonical sheaf for a fibration whose degeneracy locus (set of critical values) is contained in a normal crossing divisor and with unipotent local monodromies. It is known that such a sheaf is locally free and numerically semipositive (or nef) by Fujita and Kawamata ([5] , [10] ). Moreover if the base space of the fibration is a curve, then Fujita proved that the direct image sheaf is a direct sum of an ample vector bundle and a unitary flat bundle with respect to the natural hermitian metric ( [6] ). We shall generalize the latter result to the case of a higher dimensional base.
The algebraic statement on the nefness of the Hodge bundle was the starting point of many positivity results concerning canonical and pluri-canonical sheaves. These results were used in the minimal model program. But the original theorem's statement is more analytic saying that the direct image sheaf carries a semi-positive hermitian metric with mild but not algebraic singularities. We believe that this analytic statement should have more consequences (see e.g. Theorem 4).
The following is our first main result: The first assertion is proved in [5] for the case dim Y = 1 and in [10] generally. See also [12] . The second assertion when dim Y = 1 is the essential part of Fujita's theorem [6] . See [1] , [2] for details of proof of Fujita's more general statement. We recall that one or both of the two summands U, W can be = 0; in [2] and [3] examples are given where U corresponds to a representation of π 1 (Y ) of infinite order, and W = 0, in particular V is not semi-ample.
Next we prove the following full fledged analogue of Fujita's decomposition theorem over a higher dimensional base:
Let f : X → Y be a proper surjective morphism from a compact connected Kähler manifold to a smooth projective variety. Let (1) and (1') are proven in [14] using [10] . There are two ways to prove the local freeness of V : (i) reducing to the unipotent monodromy case by using the flatness of the covering of the base as in [14] ; (ii) as a consequence of the extension of the Hodge filtration to the canonical extension, in the same way as in the unipotent monodromy case (cf. [12] ).
Recall that ( [5] , [10] , resp. [14] ) a locally free sheaf V on a projective variety Y is said to be numerically semi-positive, or nef, if given any curve C and any quotient bundle Q of V |C, deg(Q) ≥ 0; whereas a torsion free sheaf V on a projective variety Y is said to be weakly positive if there are a Zariski open subset U and an ample divisor H on Y such that, for each positive integer n, the natural homomorphism
is surjective on U for some positive integer m (here V ∨∨ is the double dual of V ).
It makes sense to separate Theorems 1 and 2, since from the former follows an orbifold version of Fujita's decomposition theorem in the general case.
This orbifold version is proved in the final section, where we shall compare, through an appropriate diagram, the direct image sheaves in the different situations which occur in practice, when one takes first a normal crossing resolution of the degeneracy locus, and then, as in [10] , a finite cover of the base in order to reduce to the case of unipotent local monodromies.
We 
U is a locally free summand of U orb , corresponding to the irreducible summands
Proof of Theorem 1
We use the notation of Theorem 1. The first assertion (1), the nefness of V , is proved in the following way. This is not new (see the papers cited in the bibliography, also for more references regarding several assertions made here), but we briefly recall the proof because we need the notation used in the argument.
We assume that the degeneracy locus D of f (the set of critical values of f ) is contained in a normal crossing divisor, but do not assume that the local monodromies around D are unipotent, so that the following construction can be used also for the proof of Theorem 2.
The primitive part log T j log x j )v where the v are multi-valued flat sections of H o , and the matrices log T j are defined to be log U j + log S j for the decomposition T j = U j S j into unipotent and semisimple part. We take the branches of the logarithm function such that the eigenvalues of the matrices log S j belong to the interval [0, 2πi). We note that log U j is well defined because U j − I is nilpotent, and that the expression is single vlaued even if v is multi-valued.
If the local monodromies are unipotent, then the local holomorphic sections of H are characterized, among local holomorphic sections of H o , by the condition that the norm of their restrictions to H o grow at most logarithmically along the boundary D. In general, they grow asymptotically as r j=1 |x j | −p j | log x j | q j for some p j , q j such that 0 ≤ p j < 1. We note that the failure of the unipotency of the T j is reflected in the eigenvalues of the S j , whence the exponents p j above. We call these exponents p j boundary contributions. 
. This fact holds even if the local monodromies are not unipotent as long as f is smooth outside a normal crossing divisor. In particular V is locally free (see also [12] ).
The Hodge-Riemann bilinear relations and Griffiths' transversality ( [7] ) imply that the curvature of the connection of V o corresponding to the restricted metric on V o is semi-positive. The nefness of V follows from this semi-positivity together with the observation that the boundary contributions along D vanish because the metric grows at most logarithmically.
Now we prove the latter assertion (2). We fix an ample line bundle
. By a theorem of Mehta-Ramanathan [13] , if we take a general curve section C (a complete intersection of general hypersurfaces of sufficiently high degrees), then the restriction 0
is an ample vector bundle on C by Hartshorne [8] . In this case, we have V = W .
Hence we may assume in the following that deg(U ′ ) = 0. In this case, we set W := N m−1 . Then W C = N m−1,C is an ample vector bundle on C. We shall prove that the quotient bundle U ′ splits and there is a subbundle U ∼ = U ′ which is a unitary flat bundle using the following general result (a similar argument is given on page 86 of [2] ). Shigeharu Takayama communicated to the authors that the following result was independently proved by Genki Hosono (cf. [9] ): Theorem 4. Let X be a complex manifold which is not necessarily compact, and let Proof. We shall prove the dual statement; namely let now
be an exact sequence of holomorphic vector bundles, where F has a smooth positive definite hermitian metric whose curvature form Θ F is semi-negative, and that the curvature form Θ S of the induced metric on the subbundle S vanishes. Then we shall prove that the orthogonal complement S ⊥ of S in F is a holomorphic subbundle which is isomorphic to the quotient bundle Q, hence
F ) be the connection of F which is compatible with the complex structure and the metric, and let σ = pD F i : A 0 (S) → A 1 (Q) be the second fundamental form. Let p 0 : S ⊥ → Q be the restriction of p. p 0 is an isomorphism of C ∞ vector bundles with hermitian metrics. Then
are the connections which are compatible with the complex structures and the induced metrics. We have the formula
for u, v ∈ A 0 (S). Since Θ S = 0 and Θ F is semi-negative while the metric is positive definite, we deduce that σ = 0. Thus
We can deduce from Theorem 4 the following well-known result:
Example 5. Let F be a locally free sheaf of rank 2 on an algebraic curve C which is a non-trivial extension of O C by a nef invertible sheaf. Then F is nef but F does not admit a smooth hermitian metric with semi-positive curvature.
We apply the above theorem to the restriction V On the other hand, the canonical extension H of H o is characterized as a holomorphic vector bundle by the condition that the norms of its holomorphic sections have at most logarithmic growth. Therefore U is still a holomorphic subbundle of V , and we have a direct sum decomposition V = W ⊕ U. 
Proof of Theorem 2
In this section we fully extend Fujita's decomposition theorem to the case of a higher dimensional base variety Y , proving Theorem 2.
In the proof we shall use a similar notation to the one of Theorem 1. We denote by D the degeneracy locus of f , the locus over which f is not smooth (also called the set of critical values of f ), so that f is smooth over
′ is smooth and projective, u is birational, and D ′ = u −1 (D) is a simple normal crossing divisor. Since the direct image sheaf V does not depend on the choice of a birational model of X, we may assume that there is a morphism f :
It is a locally free sheaf by theorem 4.1 of [14] . Moreover, the weak-positivity of V ′ and V was proven by Viehweg (theorem III of [14] ).
Since
On the other hand, since these sheaves are equal outside of codimension 2 and V is torsion free, V embeds into the reflexive hull of u * V ′ : V ⊂ (u * V ′ ) ∨∨ . Our proof of (2) of Theorem 2 is similar to that of Theorem 1 in the following way. We take a Harder Narasimhan filtration of V , let U ′ be the last quotient, and assume that deg(U ′ ) = 0. By Mehta-Ramanathan, we take a generic curve C and consider the restriction U ′ C . We recall that deg(U ′ C ) is the sum of the integration of the curvature on the open part C o = C ∩ Y o and the sum of the boundary contributions, as shown in lemma 21, page 268 of [10] . Indeed the line bundle L := Λ top (U ′ | C ) on C has a smooth metric outside a finite set of points P , where the growth of the norm of a local generating section s P is asymptotic to |s P | ∼ |t P | −α P (log |t p |) β P , where the α P are non-negative rational numbers, in view of the choice of the branch for the canonical extension. We observe that each term is non-negative, due to the semipositivity of the curvature. Since deg(U ′ C ) = 0, both contributions vanish, i.e., all the numbers α P = 0, and the curvature vanishes.
Since α P = 0, the local monodromies are unipotent whence trivial (unipotent and unitary). Indeed, if the local monodromy is not unipotent, then the growth of the norm of the generating holomorphic sections, defined by using the multivalued flat sections, is not logarithmic, so for some of them it is greater than a constant times |t P | −a P (log |t p |) b P with a P > 0, contradicting that the sum of the a P 's equals α P = 0. By Theorem 4, there is a holomorphic subbundle
C is unitary flat with respect to the given hermitian metric, and with trivial local monodromies there is a locally free sheaf with a unitary flat connection U C on C which is an extension of U o C . By the same argument as in the proof of Theorem 1, we obtain a locally free sheaf U on Y which is unitary flat.
We have to prove that U is a direct summand of V . By the same argument applied to 
Therefore we have V = U ⊕ ⊥ W .
Proof of Proposition 3.
In the general case, we construct the following bimeromorphically Cartesian diagram using [10] Theorem 17: 
